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A ~ S T R A C T  

Let E be a Fell bundle over an r-discrete principal groupoid F that is 
measurewise amenable with respect to every quasi-invariant measure on 
F (~ Let C*(E) be the corresponding C*-algebra and let Co(E ~ be the 
diagonal subalgebra. The Spectral Theorem on Bimodules proved in this 
paper gives a description of Co(EO)-bimodules in C* (E). 

1. I n t r o d u c t i o n  

Roughly  speaking, a Fell bundle over a groupoid is a generalization of the 

si tuat ion tha t  arises when one part i t ions the N x N matrices, MN(C), into block 

matr ices  indexed by, say, n x n. The  fiber over the  point  ( i , j ) ,  1 < i , j  <_ n, is 

the collection of ki x kj matrices,  and Y~-i~l ki = N.  Our interest in this note, 

specialized to this setting, is to  unders tand the s t ructure  of the linear subspaces 

of M N ( C  ) tha t  are bimodules over the subalgebra of block diagonal matrices,  
n i.e., over Y~.i=l | In  particular,  we are interested in the s t ructure  of the  

M s u b a l g e b r a s  of M N ( C  ) tha t  contain Y~i=l @ k~(C). Our  results generalize a 

number  of other  results found in the l i terature (see in part icular  [12, 13, 11] and 

[7]). 
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Our  basic setup is this: Throughou t  this note, F will denote  an r-discrete,  

second countable,  locally compact ,  Hausdorff,  principal  groupoid in the sense of 

Renaul t  [14] and we always assume tha t  the range m a p  r: F --~ F (~ is a local 

homeomorph i sm.  As pointed out in [14], this is equivalent to assuming tha t  F has 

a Haar  sys tem (which necessarily is given by counting measure  on the r-fibers).  

We denote  the Haar  sys tem by {AU}uer(O). Our  main  result requires t ha t  F is 

a m e n a b l e  in the sense tha t  it is measurewise amenable  with respect  to every 

quasi- invariant  measure  on F (~ as defined in [14]. However, we shall not invoke 

this a s sumpt ion  until it is used. Also, E will denote  a Fell bundle over F in 

the  sense of Kumj ian  [9].* This  means,  first of all, t ha t  E is a Banach  bundle  

over F. We shall follow the s tandard  references, [3], [4], [5], and [6], for the  

mate r ia l  we need abou t  Banach  bundles. We note, in part icular ,  t ha t  a Banach  

bundle  for us means  what  Dupr~ and Gillette call an (F)  Banach  bundle  and 

this is essentially the same thing as Dixmier ' s  continuous field of Banach  spaces, 

thanks  to the theorem of Douady  and Dal Soglio-H~rault [5, Appendix].  We 

shall a ssume tha t  our bundles are separable  in the sense tha t  the  set Co(E) of 

continuous,  compac t ly  suppor ted  sections of E endowed with the inductive limit 

topology  is second countable  [6]. We write E(3') for p -1 (7 ) ,  where p: E -+ F is 

the  bundle  project ion.  Then  to be a Fell bundle it is required tha t  E satisfy the 

following addi t ional  points.  

1. 

2. 

There  is a par t ia l ly  defined mult ipl icat ion from E (2) := {(a, b) l(p(a), p(b)) 
E F (2) } to E which is bilinear; associative, whenever the relevant 

p roduc t s  are defined; and has the p roper ty  tha t  the bundle m a p  p is a 

homomorph i sm.  

The  p roduc t  is continuous from E (2) to E,  where E (2) is given the relative 

topology, and satisfies the inequali ty Ilab[[ ~ [[a]l[[b[[ , for (a,b) e E (2), 

where  the  norms  denote the norms on the various fibers involved. 

. 

4. 

T h e  bundle  E is s a t u r a t e d  in the sense tha t  E(a)E(~) is to ta l  in E(a~) 
for all pairs (a,  ~) C F (2). 

There  is an involution on E,  denoted a --+ a*, such tha t  E(7)* = E ( 7 - 1 ) ,  

(a*)* = a, (ab)* = b 'a* ,  a*a >_ 0 in E(s(p(a))), and [[a*a][ = [[a[[ 2, for all 

(a, b) E E (2). 

Fell bundles over groupoids are called C*- algebras over groupoids in [18]. This 
paper has been in circulation as a preprint for a number of years, but has not 
appeared in print. We will therefore follow [9] as our basic reference. 
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Implicit in these points is the fact that for each unit u E F (~ E(u) is a 

C*-algebra and each E(7  ) is endowed with E(r(7))-  and E(s(7))-valued inner 

products, making E(3') a left Hilbert C*-module over E(r(3')) and a right Hilbert 

C*-module over E(s(7)) .  The saturation condition guarantees that,  in fact, E(3') 

is an E(r(7)) ,  E(s (3 ' ) ) - impr imi t iv i ty  bimodule. In particular, E(7)* = E(3' -1) 

is naturally isomorphic to the conjugate E(s(3")),E(r(7))-bimodule. We shall 

therefore make this identification throughout. 

The space Cr becomes a ,-algebra under the operations 

f �9 g(~/) = ~ f(c~)g(~) 

f f(c~)g(c~-a~/)dA T('Y) (c~) 
J 

and 

f . ( 7 )  -~ f ( 7 - 1 ) . ,  

f, g E Co(E) and ~,/3, 3' C F. A certain completion of Cc(E), that we shall define 

in a moment, is a C*-algebra that we shall denote C* (E). Each element of C* (E) 

is a continuous section of E that vanishes at infinity on F. Consequently, it is 

possible to think of C* (E) as an algebra of block matrices, where the blocks are 

indexed by F. The block sizes vary from point to point of F. Indeed, if P is the 

trivial groupoid {1, 2 , . . - ,  n} 2 and if E is the bundle over P whose fiber over (i,j) 
is space of ki x kj complex matrices, we find that C*(E) is the algebra MN(C), 

n 
N = ~ i = 1  ki, with which we began our discussion. 

Let E ~ denote the restriction of E to F (~ Then, as we have noted, E ~ is a 

C*-bundle over F (~ We write Co(E ~ for the C*-algebra of C0-cross sections 

of E ~ on F (~ Since F (~ is a clopen subset of F, by virtue of the fact that P is 

r-discrete, Co(E ~ is a sub-C*-algebra of C*(E). Of course, Co(E ~ should be 

viewed as a C*-algebra of block diagonal matrices. Our primary objective in this 

note is to identify the subspaces B C_ C* (E) that are invariant under left and right 

multiplication by elements in Co(EO), i.e. that  are C0(E~ in C*(E). 
This, in turn, is used to identify the closed subalgebras of C*(E) that  contain 

Co(E~ To state our theorem, we introduce the following notation. We write .T 

for the set of all closed subbundles F of E (in the sense of [4, p. 21 if.I) with the 

property that for every 3' E F, F(7)  is a (closed) E(r(7))-E(s(7)) subbimodule 

of E(3'). We make no assumption about F being closed under multiplication or 

under the involution. We write A for the subbundles A E $- that  contain E ~ 

and a r e  closed under multiplication: if (a, b) C A (2) := (A x A) n E (2), then 

ab E A. Further, if F C $-, we write B(F) for the closure of the set of all sections 
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f E Cr Evidently, every B(F) is a (closed) bimodule over Co(E ~ in C*(E). 
The Spectral Theorem for Bimodules is the converse assertion. 

THEOREM 1 (Spectral Theorem for Bimodules): I?F is amenable, then every 

closed bimodule over Co(E ~ in C*(E) is os the form B(F) for a unique bundle 
F E ~. ghrther, B(F) is an algebra containing Co(E ~ if and only i fF  E A. 

The proof is broken into a series of steps. Most of our efforts focus on the 

first assertion. We attend to the second at the end of the paper. Basically, 

our goal is to use Kumjian's Stabilization Theorem (Corollary 4.5 of [9]), which 

shows that  C* (E) is strongly Morita equivalent to the C*-algebra of a groupoid 

crossed product, to reduce Theorem 1 to Theorem 15.18 of [7]. The problems to 

be overcome involve a careful interplay between bundles, various cross sectional 

spaces, tensor products of Hilbert C*-modules, and Haagerup tensor products. 

2. Kumjian's Stabilization Theorem 

To state this theorem, as well as to give the full definition of C*(E), observe that 

if for u E F (~ we set 

v(u) : }2  cE(v) 
s(-y)=u 

with the usual, direct sum, E(u)-valued inner product, then V(u) becomes a 

Hilbert C*-module over E(u). The family, V, of the V(u) forms a Hilbert C*- 

module bundle over F (~ To identify a family of cross sections of this bundle that 

defines the Banach bundle structure on V, we use Co(E). Each f E Cc(E) defines 
(9 @ a section (S via the formula: (S(u) : :  ~s (v) :~  f('~)" To see that ~s(~)=u f(~/) 

lies in V(u), simply note that f ' f  (u) = ~ = ~  f*(~)f(/3) : ~'~=~(~) f(~/)* f(~/). 
Thus, using [5, Proposition 10.4] and [4, Proposition 1.3], it is easy to check 

that  Co(E) determines a Banach bundle structure on V making it a Hilbert C*- 

module bundle. In fact, as Kumjian proves in Section 3 of [9] the space Co(V) 
of continuous cross sections of V vanishing at infinity becomes a Hilbert Co(E~ - 
module that  is the completion of C~(E) in the C0(E~ inner product: 

((f, (g)(u) : f* * g(u). There is a natural, faithful, .-representation 7r of Cc(E) 
in the C*-algebra of continuous, adjointable operators on Co (V), s (V)), given 

by the formula 7r(f)( a : (S.g. The closure of 7r(C~(E)) in s is the desired 

C*-algebra C*(E). Strictly speaking, this should be called the r e d u c e d  C*- 

algebra of E,  and denoted ere d (E), but in the situation in which we are working, 

we do not have to make that distinction. We will take this point up again later 

in the context of crossed products. 
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The algebras K(V(u)), u E F (~ form a bundle of C*-algebras over F (~ that  

we denote by K(V).  The cross sections of K(V) used to define the topology on 

K(V) are the rank-1 operator sections, ~f | ~.~, f ,g  E Co(E). It is not hard to 

see that  K(Co(V)) is naturally isomorphic to Co(K(V)). 
We pause to insert the following lemma that  summarizes some of the salient 

features of our discussion to this point anti that  will be used later. Tile details 

of the proof that  have not already been developed are easy to supply, and so will 

be omitted. 

LEMMA 2: The space Co(V) is a Co(K(V)) - Co(E~ bimodule. 

The groupoid F acts on K(V). To define the action requires a little preparation. 

Kumjian notes in paragraph 3.3 of [9] that  Y(r(7)) | is naturally 

isomorphic to V(s('~)) via the map 

~(,~)=~('v) ~(~)=~(v) 

where ca �9 E(ci) and c ~ E(7). The product e~c is in E(aT)  and tile map is 

easily seen to be isometric. Tile saturation assumption on E guarantees that  this 

is map is surjeetive. Also, since E('y)* = E(7  -1) coincides with the conjugate 

module of E(7),  we may write the conjugate of V(u) as V(u)* = }--~=~(-r) E(7). 

We then find that  E(7  ) | V(s(7))* is isomorphic to V(r(7))*. To define 

the action of F on K(V) ,  fix 7 �9 F. Choose a with s(a)  = r(7 ), choose/3 with 

s(fl) = s(7), and pick a �9 E(a) ,  b �9 E(/3), and c �9 E(7). Then elements of 

the form ac | b* span a dense subset of K(V(s(7))), while elements of the form 

a | cb* span a dense subset of K(V(r(~))). One checks that  the map a-~ from 

K(V(s (7) ) )  to g(V(r(7))  ) defined by the equation 

cr,v(ac | b* ) = a | cb* 

extends to a C*-isomorphism. To check that  cr defines a continuous action of F on 

K(V),  one forins the pull back bundles s,  (K(V)) and r, (K(V)) on F and views a 

as a map a ,  from s , (K(V))  to r , (K(V))  in the obvious way. The continuity of a 

amounts to the fact that  or, maps continuous sections for s, (K(V)) to continuous 

sections of r ,(K(V)) .  This is easy to verify in the present circumstance. 

With K(V)  and the action or, we form a bundle over F, denoted K(V) •162 F, but 

which is really the pull-back bundle s , (K(Y)) .  That  is g ( Y )  • F := {(k, 7)17 �9 

F, k �9 K(Y(s(y)))}.  The projection map is p(k,7)  = 7. The (partially defined) 

product on K(V)  x~ F is given by the formula 
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and the involution is given by the formula 

(k, = 

The verification that K(V) x~ F is a Fell bundle over F is straightforward. 

THEOREM 3 (Kumjian's Stabilization Theorem [9, Corollary 4.5]): The C*- 
algebras C*(K(V) • F) and C*(E) are strongly Morita equivalent. 

What  is important for us is the form of the equivalence bimodule found by 

Kumjian, that we denote by X. The way he arrives at X is to form the groupoid 

F x A, where A is the transitive groupoid, {0, 1} 2 on a two point space {0, 1}. 

He extends the bundle E on F to a bundle D on F x A. The fibers of D are given 

by the following formulae: 

D(?,  

D(?,  

D(?,  

D(?,  

(0,0)) =E(v),  

(1, 0)) =V(r(?))  E(3'), 

(0, 1)) =E(?) | V(s(?))*, 
(1, 1)) =K(V) xo F. 

He shows that D is a Fell bundle over F x A, which is a groupoid of the same 

kind as F, and takes 2d = p• where p is the projection in the multiplier 

algebra of C*(D) which is the characteristic function of F (~ x (0, 0). 

We want to think about 2d directly, without reference to the groupoid F x A. It 

is a space of C0-cross sections to the Banach bundle r.(V) | E. More explicitly, 

the fiber over ? in r.(V) is V(r(?))  while the fiber over ? in E is E(?) .  So, 

the fiber over ? in r.(V) @ E is V(r(?))  | E(?) .  This is the Hilbert C*- 

module tensor product taken over the C*-algebra E(r(?)) .  As we have noted 

before, V(r(?))  @s(T(~)) E(?)  is naturally isomorphic to Y(s(?)) as an E(s(?))-  

module, but we want to maintain a distinction at the moment. The cross sections 

determining the topology on r.(V) | E may of course be taken to be pointwise 

elementary tensor products of cross sections of r.(V) and E. We write these as 

4 ' f  where ~ C Co(V), f e Co(E) and 4 ' / ( ? )  : 4 ( r ( ? ) ) |  = "4(r(')'))/('Y)). 

Note that  we are taking 4 C Co(V) even though 4 o r is not in Co(r.(V)). The 

point is that  4" f is continuous with compact support on F because f has this 

property. Observe that the linear span ?do of such sections carries a C* (E)-valued 

inner product defined on elements of the form 4" f by the formula 

(1) {4" f,~?" g)(?) = f* * {4, ~) * g(?), 

where ( ,~  6 Co(V), and f,g E Cc(E), and where ((,~) denotes the value of the 

C0(E~ inner product on Co(V). The defining formula for the C*(E)- 
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valued inner product on X0 makes sense, since Co(E ~ is a subalgebra of C*(E). 
The space X is the completion of X0 in the norm associated with this inner 

product. Thus, X is the internal tensor product Co(V) | C*(E) realized 

in terms of the bundle r ,  (V) ,~ E. It is now easy to see that X described in this 

way is the same as the X that Kumjian produces using F • A. 

We are using the general fact [10, Proposition 4.5] that if s is a Hilbert C*- 

module over a C*-algebra A, if b r is a Hilbert C*-module over a C*-algebra B, 

and if ~: A -+ s r)  is a C*-representation, making )r  a left A-module, then 

$ | )r  is in a natural way a Hilbert B-module. The B-valued inner product 

on g | $- is given by a formula analogous to equation (1). Now it is important 

for our considerations that the operator space structure on s | $- is that  of 

the m o d u l e  H a a g e r u p  t e n s o r  p r o d u c t  over A, s | -P, as was proved by 

Blecher in [1, Theorem 4.3]. That  is, $ | ~ and $ | ~- are completely 

isometrically isomorphic operator space modules over the C*ralgebra B. Thus, 

we may summarize our discussion in this section as 

LEMMA 4: With tile notation established above, we have the following 
isomorphisms: 

(1) Co(V) | C*(E) ~- Co(V) | C*(E) ~_ X, and 

(2) c*(E) | Co(V*) C*(E) | Co(V*) X*, 
where the first tensor product in each formula is the Haagerup module tensor 
product over Co(E~ the second is the interior module tensor product, and the 
modules Co (V* ) and X* are the conjugate modules of Co (V) and X, respectively. 

Proof: The proof of the first assertion was developed above. The second follows 

from the first, and the second half of Theorem 4.3 in [1]. | 

This lemma, Corollary 4.5 of [9], and Corollary 4.7 of [1] combine to 

show that Co(V) @hCo(E o) C*(E) | C0(V* ) has the structure of a C*- 

algebra that is naturally isomorphic to C*(K(V) xo F). However, we want to 

realize this isomorphism at the level of bundles. For this, consider the bundle 

r.(W) | E | s.(V*) over F. It has fiber Y(r(7)) | E(7)| V(s(7))*, 
3' �9 F, with an obvious family of cross sections. It carries the structure of a Fell 

bundle where the multiplication is defined by the formula 

(~  | el | ~{)(~2 | e~ | ~ )  = ~ | e1(~1, ~2)e~ | V~, 

for ({i|174 �9 Y(r(Ti))|174 with (~1, ")'2) �9 F(2), 
and the involution is defined by the formula 
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Thus r,(V) | E | s,(V*) is the bundle that Kumjian calls F in paragraph 4.3 

of [9]. Define #: r , (V)  |174  -+ K(V) x~ F by the formula 

l*(~ | e | v*) -- (~e | v*,-y), 

where ~ | e | 71" E V(r(7)) | E(7) | V(s(7))*- Recall that ~e E 

V(s(7)) so that # is well defined. In fact, as Kumjian shows in Proposition 4.4 

of [9], p is a Fell bundle isomorphism from r,(V)| E |  s,(V*) onto K(V) xo F. 
Now write i z* for the map that ix induces on sections. Thus, for ~, r/ E Co(V), 
and f C- C~(Ir we have #*(~ | f | 7F)(7 ) = #(((r(7))  |  | r/*(s(7))) = 

(~(r(7))f(7)  | 77"(s('7)), 7). 

PROPOSrrION 5: The map #* is a Co(K(V))-isomorphism from 

Co(V) | o) C*(E) | Co(V*) onto C*(K(V) xo. I'). 

Proof: It is clear that tF is a ,-algebra isomorphism that takes a generating set 

of sections of r*(V) | E | s*(V*) to a generating set of sections of K(V) xo I'. 

It is also clear that 1~* is a Co(K(V))-module map. Thus to prove that p* is 

isometric, we need only write the following string of isometrics and note that l** 

is their composition: 

C*(K(V) • r)  ~ W* |  

(Co(V) | C*(E)) O,,c-(~) (C*(E) OhC,,(EO) Co(V*)) 
Co(V) | (C*(fq | c'(/:;)) | Co(V') 
Co(V) | C*(E) | COW*). 

Tile passage from tile first line to tile second is based on Theorem 4.3 of [1]. The 

next line follows from Lemma 4. The line after follows from Theorem 2.6 of [2]. 

The last line is a consequence of Lemma 2.5 of [2]. I 

We may reverse the roles of C*(E) and C*(K(V) x ,  F) to conclude that 

Co(V*) | C*(K(V) x~ F) | Co(V) is naturally isomorphic to 

C* (E). However, we want to do this at the level of bundles. To this end, observe 

first that if A and B are C*-algebras and if g =A gu is an imprimitivity bimodule 

linking A and B, then the map from A | g to g given by sending a | e to ae is 

a (completely) isometric A, B-bimodule isomorphism. We call this map vl. By 

virtue of the fact that g is an A,B-imprimitivity bimodule, g* | g is identified 

with B through the map v2 that sends ~* |  (~, r})B. Also, we write va for the 

imprimitivity bimodule isomorphism that sends g| B to g through the formula 
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e @ b --+ eb. Finally, passing to the setting of the situation under discussion in this 

note, we write //4 for the inverse  of the isomorphism, noted above, that  sends 

E(7) NE(s(~)) V(s(?))* to V(r(~/))* by the formula e | rfl ~ e~?*. Composing 

these, we obtain a Fell bundle isomorphism ~, from r .  (Y)* @ (K(V) x o F) @ s. (Y) 

to E. Explicitly, // = //a o (I @//2) o (I @ I @//1) o (//4 | I | I) ,  where we have 

identified (K(V) x~ F)(30 with K(s(7)) .  Again, we write v, for the isomorphism 

tha t / / i nduces  on sections. 

PROPOSITION 6: The map //. is a Co(E~ from 
Co(V*) | C*(K(V) x~ r) | Co(V) onto C*(E). 

Proof'. The proof is as before: //, acts on a dense *-algebra of sections in 

Co(V*) @hCo(K(V)) C*(K(V) xo F) @hCo(g(v)) Co(V), carrying them to a dense 

,-algebra of sections in C* (E). The fact tha t / / ,  is isometric follows from the fact 

that  it is expressed as the composition of isometries using the following string of 

equivalences: 

Co(V*) | C*(ti(V) x~ r) | Co(V) 
Co(V*) | (Co(V) | | 

| Co(V) 
~- (Co(V*) | Co(V)) ehCo(~0/C*(E) 

| I (Co(V*) | Co(V)) 
Co(E ~ | C*(E) | Co(E ~ ~ C*(E). . 

3. S u b b u n d l e s  a n d  s u b b i m o d u l e s  

We have two bundles over F: the bundle E and the bundle K(V) xo F. We want 

to use r.(V) | E to map subbundles of E to subbundles of K(V) xo F. This 

will enable us to reduce the proof of Theorem 1 for general Fell bundles to Fell 

bundles arising as crossed products. 

Recall that  we are writing $- for the set of all subbundles F of E such that  

for every 3, e F, F(~,) is a closed E(r(~/))-E(s(@) subbimodule of E(3'). It 

is important  to keep in mind that  each F(3') inherits an E(r(~/))-valued inner 

product and an E(s(3'))-valued inner product. However, in general, neither of 

these is full. 

Similarly, we let s be the set of all subbundles L of K(V) x~ F such that  for 

every ~ c F, L(~/) is a closed (K(V) x ,  r)(r(~,))-(K(Y) xo r)(s@)) subbimodule 

of (K(V) xoF)(y) .  Since we may identify (K(V) x~F)(3, ) with K(Y(s(7))), such 
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a bimodule is really a two-sided ideal in K(V(s(7))). We define maps r and r  

between the sets 9 r and s as follows: For F C Y, ~(F)  is defined to be 

|  | 

that is, at the level of fibers, (I)(F)(7) is given by the formula 

q)(F)(7) = V(r(7)) | F(ff) | V(s(~:))*- 

On the other hand, for L E s q)'(L) = r , ( V * ) N L N s , ( V ) ,  so that (I)'(F)(7) is 

given by the formula 

<I)'(F)(7) = V(r(7))* | @K(V(s(~))) V(s(~/)). 

In these two definitions, the tensor products of modules are interior Hilbert 

C*-bimodule tensor products. 

The maps q5 and ~' are evidently well defined and ~5 carries $- to s while 

~5 ~ carries/2 to 5 c. In order to make this assertion, of course, we must identify 

V(u)@~(u) V(u)* with K(V (u) ) and V(u)*| V(u) with E(u), u e F (~ and 

then we must recall that K(Y(r(7)) ) | | K(V(s(7))) is 

canonically, completely isometrically, isomorphic to L(7 ). Similarly, 

we must identify V(u)* | V(u) with E(u), u E F (~ and note that  

E(r(ff)) | E(ff) | E(s(ff)) is canonically isomorphic to E(ff). With 

these identifications and the analysis to this point, the following proposition is 

immediate. 

PROPOSITION 7: The maps �9 and OP I are inverse to one another; i.e., 

o ~'  = idL; ~5' o @ = ida:. 

Let B be the set of all closed C0(E~ in C*(E) and let d be the set 

of all closed Co(K(V))-bimodules in C*(K(V) xo P). We define the following 

correspondences, ~ and ~' ,  between the sets B and C: For every B E B, ~ (B)  is 

given by the formula 

= Co(V) | B | Co(V*), 

while for C E C, ~ ' (C)  is given by the formula 

= C0(V*) | C COW), 

where all the tensor products are Haagerup module tensor products. 
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PROPOSITION 8: 

from C to B, i.e., 
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The map ~ is a bijection from B to C, with inverse q!' mapping 

�9 o q / =  idc; ~ '  o ~ = ida. 

Proof: For B E B, ~(B) = Co(V) |174 B | Co(V*) is a closed 
subspace in C*(K(V) x~ F) which evidently is a C0(K(V))-bimodule since C0(V) 

is a left Co(K(V))-module, while Co(V*) is a right Co(K(V))-module. Thus 

is well defined map from/~ into C. Similarly, one shows that tp' is a well defined 

map from C to/3. But 

�9 'o  = 

(Co(V*)  Co(V))| B (Co(V*) QCo( O) Co(V*)). 

Since Co(V*)| = Co(V*) | by Blecher's theorem 
[1, Theorem 4.3], and since Co(V*) | Co(V) is canonically isomorphic to 

Co(E~ by Lemma 2, we conclude that 

q / o  9(B)  = G)(E ~ |174 B | Co(E~ 

Since this space is canonically isomorphic to B, we conclude that ~ '  o 9 is the 

identity. A similar argument shows that 9 o ~ '  = idc. I 

Given a bundle F E .T', we set ~.(F) = {f  6 Cc(E)lf("/) ~ F(~,),V~, ~ 1@ 11. 
The Spectral Theorem for Bimodules, Theorem 1, is the assertion that for every 

closed C0(E~ B in C*(E) there exists a unique F E )r such that 

B = ~(F) ,  i.e., that E is a bijection. The corresponding map from s to C is 
denoted by ~, i.e., for L E s f~(L) is defined by the formula 

ft(L) = {f  ~ Cc(K(V) x~ P)lf(7) E L('),),V-/E F} ll'lt. 

Our goal in the next section is to show that the Spectral Theorem for Bimodules 

is true for {2, i.e., that for each bimodule C E C, there is a unique bundle L E s 

such that f~(L) = C (Theorem 9). Granted this result, to complete the proof of 

the Spectral Theorem for Bimodules in the context of general Fell bundles, we 

need only check that the diagram at the end of this section is commutative. That 

is, we want to show that. E = ~ '  o f] o r 

To this end, we begin by noting that if F E )r and if f E C~(E) lies in E(F),  

then for all ~ E Co(V), rl E Co(V)*, we have #*(~* | f | r]) E f~-l(O(F)).  

Indeed, if f E ~(F),  then by definition f(7)  E F(7) for all 7- This, in turn, 

gives #* (~* | f | w)(7) = ~(r(7))* | f(')') | 7/(s(-y)) e V(r(~/)) * | F(7  ) | V(7) = 
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�9 (F)(3') for each "),. So, consequently, #*(~* | f | r/) �9 ft((I)(F)). Thus, for 

F �9 )c, ql(E(F)) C_ t2(r  On the other hand, the same argument shows that  

for L �9 t;, and f �9 Cc(K(V) x~ F), if f �9 f/(L), then for all ~ �9 Co(V)* and 

~7 �9 Co(V), we have u*(~*|174 �9 E(~ ' (L)) .  It follows from this that  for L � 9  

~ ' ( f t (L) )  C_ -=(g2'(L)). Taking L = (P(F), for F �9 9 r we get ~'(ft(cI)(F))) C 

E((I)'((I)(F))) = E(F).  Applying qJ to both sides of this inclusion we obtain 

f~((l)(F)) C ~ (E(F) ) .  Now we just showed that  r  C_ f~(~(F)),  so we 

conclude that  ft((P(F)) = q)(--(F)). Applying ~ '  to both sides of this equation, 

we reach the desired goal: F- = ~ of t  o ~. 

bimodules ~ bimodules 

t~ = {B < C*(E)} C = {C C C*(K(V) • r )}  

.7"= {F c E} f~= {L c K(V) •  

subbundles subbundles ~p 

4. The  Spectral  Theorem and crossed products  

Our objective in this section is to prove the Spectral Theorem for Bimodules in 

the case of groupoid crossed products. The proof will be modeled on the proof of 

[11, Theorem 4.1], which involves, ultimately, a reduction to the measure theo- 

retic context discussed by the first author in [7]. Since we will make use of F-sets, 

we will often write X for F (~ , we shall view F as an equivalence relation in X x X 

and write elements of F as ordered pairs, when convenient. Thus, r(x, y) = x, 

while s(x, y) = y. We fix a bundle A of C*-algebras over X and we assume that  

F acts on A continuously through a representation a: F ~ Iso(A). Thus, in par- 

ticular, a(x,y) is a C*-isomorphism from A(y) to A(x). The crossed product Fell 

bundle over F determined by A, A x~ F, is {(a,x,y)] (x,y) �9 F,a �9 A(y)}. The 

Fell bundle structure on A x~ F is defined analogously to that  on K(V) z~ F. 
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Of course, in the notation established above, Co((A xo F) ~ = Co(A), viewed 

as supported on the diagonal A in X x X. As above, we write ~" for all the 

closed subbundles F of A x~ F (in the sense of [4, p. 21]) with the property that 

F(x, y) is an A(x), A(y)-bimodule. (Remember: the multiplication is given in the 

product defining A x~ F, so F(x, y) C_ A(y) is really a two-sided ideal over A(y).) 
For each such bundle F,  we write B(F) for the closure in C*(A xo F) of Co(F). 
Of course B(F) is a bimodule over Co(A). Conversely, given a norm-closed sub- 

space B C_ C*(A xo F) that  is a bimodule over Co(A), we define F(B) to be the 

closed subbundle of A xa F generated by all the continuous sections of A x~ F 

coming from B. Of course, at the outset, we do not know that there are any. 

However, as we shall see, if our groupoid is amenable (or equivalently, if the C*- 

algebra C*(F) is nuclear [1I, Theorem 3.3]), then every element of C*(A x~ F) 

is a C0-section of A x~ F (see Proposition 11 below). So F (B)  makes sense and 

is non-zero (if B ~ 0) in this case. 

THEOREM 9: In the notation just established, if F is amenable, then for each 
Co(A)-bimodule B c_ C*(A x~ F), the inclusion 

(2) Cc(F(B)) c_ B c Co(F(B)) AC*(A xo F) 

holds. Furthermore, the closure of C~(F(G)) is Co(B) A C*(A x~ F), so the right 
hand expression already is closed and equals B. 

Of course this result applied to the bundle K(V) x~ F, above, is just what is 

needed to verify all the claims made of the map fL 

In outline, the proof follows the analysis in [11]. However, we need to see how 

to modify some of the formulas in the arguments there and redo some of the 

Iemmas. Further, we need to connect the structure of C* (A x~ F) viewed as the 

C*-algebra associated with tile Fell bundle A x~ F with theory developed in [15]. 

We begin by recalling some key facts from [15], written in notation to suit our 

needs here. 

By a representation 7r of C~ (A x ~ F) on a Hilbert space H0, it is understood that  

7r is a *-homomorphism of Cc(A xo F) into B(Ho) that is continuous with respect 

to the inductive limit topology on Cc(A xa F) and the weak operator topology 

on B(Ho). According to the Disintegration Theorem, [15, Theorem 4.1], such 

a representation determines (and is determined by) the following data: (1) a 

Borel Hitbert bundle H over X,  with fibers denoted H(x);  (2) a quasi-invariant 

measure # on X, in the sense of [14]; (3) a representation U: Fly --~ Iso(H), where 

Y is a co-null Borel subset of X,  and where Iso(H) denotes the groupoid of all 

bundle isomorphisms of H (that act isometrically between fibers), endowed with 
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the canonical Borel structure coming from H; (4) a Borel field of representations 

{rr~}~ex, with rr~: A(x) -+ B(H(x)); and (5) a Hilbert space isomorphism 

w: Ho H(x)d (x) 

such that  

(3) U(x, y)Try(.)U(x, y ) - I  = 7r~ o (r(~,y), a.e.~, 

where L, is the measure on F induced by #, tJ = f A~d#(u), and such that  

(Wrc(f)w-lr = / U(x, y)Try(f(x, y))A-U2(x, y)r (4) 

for all f e Cc(A • F), and all ~ e fm X H(x)dp(x), where A is the modular func- 

tion associated with #, as in [14, Definition 3.4]. This expression for rr is called 

the d i s i n t e g r a t e d  f o r m  of re. Equation (3) expresses the fact that  {rr~} and 

U constitute a c o v a r i a n t  pa i r ,  i.e., the analogue of a covariant representation 

in the context C*-crossed products determined by group actions. We will drop 

reference to W in the future, and simply write rc in terms of the right hand side 

of the above equation. 

The Disintegration Theorem allows one to define a C*-norm on Cc(A • F) by 

the formula ]lf]] = sup{[lrr(f)l]]rr- a representation}. The point is that  writing 

rr using (4) allows one to estimate that  llTr(f)ll _< Ilflli, where 

(5) I[fH, : max ,.~ex~SUp . i  [ I]f('Y)]lA(*("/"dAX(T)' r a [ []f("/-1)*I]A(~('r"dA~('Y) } " 

Thus the supremum defining IIf[I is finite and defines a C*-norm on Cc(A xo F). 

When referring to C*(A xo F), we shall mean the completion of Cc(A xo F) in 

this norm. 

The relation between this norm and the one coming from viewing C* (A x~ F) as 

the C*-algebra of a Fell bundle is made using those representations of C* (A • F) 

that  are i n d u c e d  from representations of Co(A). Let p be a representation of 

Co(A) on a Hilbert space K. Then /) may be disintegrated. Tha t  is, we may 

express K as the direct integral f e  X K(x)d#(x) for a measure #, which is unique up 

to absolute continuity, and we may find a Borel family of representations {p~ }sex  

so that  p~: A(x) --+ B(K(x)), and so that  p(a){(x) = p~(a(x)){(x), a �9 Co(A) 
and ~ �9 f~x K(x)d#(x). To build the data for the representation induced by p, 

Ind(p), we begin by defining Ind(p~) for a single point x in X = F (~ The Hilbert 
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bundle for Ind(px) is tile constant  bundle over the orbit of x, Ix], determined by 

K(x). Thus,  the fiber over y of this bundle, H(y), is {y} x K(x). We define 

Try: A(y) -~ B(II(y)) by 7r.v = p~ o ri(~,:j), also we define U(z, y): II(y) ~ II(z) by 

the formula U(z, ?/)(Y, ~) = (z, ~). It is straightforward to cheek tha t  U and {Tr.~ } 

const i tute  a covariant pair. The  quasi-invariant me`asure for this representat ion 

is simply the, sa turat ion of the point mass at x, ex, i.e., counting measure on Ix]. 

Thus,  ,as an easy calculation reveals, an explicit formula for Ind(p~) is 

(6) (Ind(p~=)(f)~)(z)= ~ pxoa(~,~)(f(z,u))~(u)= ~ 7r~(f(z,u))~(u), 

z e [x]. The  representat ion Ind(p), then, is simply the direct integral of the rep- 

resentations Ind(p~) with respect to 11,. To describe this concretely, note first tha t  

r maps s -1 (x) bijectively onto the orbit of x, Ix], and carries ,~ to counting mea- 

sure on Ix]. We use r to pull the bundle H defined over [x] to a bundle [1 defined 

over s - l ( x )  and to lift the da ta  disintegrating Ind(p~). The  formulas are obvi- 

ous: [t(y,x) = H(y) = {y} x K(x). We define (J(x;(z,y)): fI(y,x) ~ f-I(z,x) 
by tile formula ~J((z,y);x)((y,x),() = ((z,x),(), and we define #(.~,~): A(y) 
B(f-I(y,x)) = B({y} x K(x)) by fr(y,x)(a) = p~oa(x,y). Then  it is easy to see that  

(~r(.,~), U((., .); x)) is a covariant pair unitarily equivalent, in the obvious sense, to 

(Tr, U). If we take cross sections ~ o f /2 /o f  the form ~(y) = ((y, x), fl~ ~(~)(Y, x)~), 

where f C C~(I') and ( E K(x), we obtain a fundamental  family of (:ross sec- 

tions defining the natural  Borel s t ructure  on /:/(.,x). The  integrated form of 

(#(.,~), ~/((-, .); x)) on f f-I(y, x)dA~(y) is then easily seen to be unitari ly equiva- 

lent to Ind(p~). It will be convenient to drop this uni tary equivalence and sim- 

ply rename Ind(p~) to be the integrated form of (#(.,z), /)(( ' ,  "); x)). Of course, 

f [-I(y, x)dX~(y) is just  LJ(A~:, K(x)), which we identify also with LJ ( s174  K(z). 
Now we let x vary and choose for a fundamental  family of vector fields for /~, 

the family of fields ~ given by the formula ((y, x) = ((y, x), f(y,x)r~,~(x)), where 

f runs over a countable dense subset of C~(I'), and r/~ comes from a f imdamental  

sequence defining the direct integral representat ion of p. Then  the collection of 

all such sections defines a Borel s t ructure  o n / ) .  The  family {Ind(p~)}~ex is now 

easily seen to be Borel and its direct integral, Ind(p), acting on 

f((f [I(y,x)dp-l = ~O fs 0 [-I(y,x)d,~xd#(x) 
,x)er e x  -~(x) 

= L ~ nJ(t~,K(x))d#(x), 
Ex 
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where v -1 = f A~d#(x), is given by the formula 

(7) (Ind (p)(f)~)(y, x) = / Px o a(~,~)(f(y, z))~(z, x)dA ~ (x, z). 

When the measure # is quas i - invar iant ,  then there is a formula for Ind(p) 

that  we will also use and which we now describe. It is the left r egu la r  repre-  

s e n t a t i o n  determined by p and #. To define it, we form the Hilbert bundle Hi 

on X whose fibers are Hi(x) = L2(A x) | K(x) and we identify this space with 

L2(;~ ~, K(x)). A family of sections defining the Hilbert bundle structure on Hi 

is obtained by taking a dense sequence of functions {f~} in C~(F), a fundamental 

sequence of sections {7]~} of the bundle defining f~  K(x)d#(x), and letting ~n,m 

be the section of H1 whose value at x E X is the restriction of the K(x)-valued 

function on F, fn(')ZIm(X), to r-l(x). To make explicit the fact that  at each 

x E X, a section ( of / /1  evaluated at x is a fimction on r-l(x), we shall write 

((x; .) or ((x; (x, y)), when we want to emphasize the variable y, for ((x). We de- 

fine ~r~: A(x) -~ B(H~(x)) to be I| Thus, at the level of sections, 7fix is given 

by the formula (Trl~(a)~)(x; (x,y)) = p~(a)((x; (x,y)), and from this it is clear 

that  {7r1~} is a Borel family. The representation U1 is simply left translation: for 

a section ~ of H1, (U1 (x, y)~(y))(x; (x, z)) = ~(y; (x, y ) - i  (x, z)) -- ~(y; (y, z)). A 

calculation reveals that  ({7r1~}, U1) is a covariant pair and that its integrated 

form, A, acting on f~gl(x)d#(x)  = fexL2(&~,K(x))dtt(x ), is given by the 

formula 

(s) 

(~(S)~)(x;(z,y)) 

= (fUl(x,z).l~(f(x,z))A-1/2(x,z)r 

= f ~ o ~(~,z)(f(~, z))A-~/2(~, z)(U~ (x, z)~(~))(~; (x, y))d~(~, z) 

= f p~ o ~(~,~)(f(~, ~))A -~/~ (x, z)~(z; (~, y))dA ~ (~, z). 

It now is a straightforward calculation to show that the map W: f [-I(y, x)dv -1 
f Hl(x)d#(z) given by the formula (W~)(x; (x, y)) = ~(y,x)A-1/2(x,y) is 

a Hilbert space isomorphism such that  WInd(p)(f)W -1 = A(f) for all f e 

Cc(A x~ F). 

The r e d u c e d  C*-norm on Cc(A • F), II" Itred, is defined by the formula 

Iifllred = sup{lIInd(p)(f)tIIP - -  a representation of Co(A)}. Evidently, lfflired _< 
llfII, for all f E Cc(A x~ F). The closure of Cc(A • F) in this norm is denoted 

C*ed(A • F); it is a quotient of C*(A • F). However, when the groupoid F is 
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amenable, as we are assuming in our main results, the two norms coincide and 

so, therefore, do the C*-algebras. The proof of this is essentially the same as for 

groupoids by themselves (see [14, Proposition II.3.2], and see also Theorem 3.6 

in [161). 

The reduced norm is really the norm that  we give C*(A x~F),  when we think of 

C* (A x~, F) in terms of Fell bundles. To see this, note first that if P0 is any faithful 

representation of Co(A), then Ind(p0) is faithful on C:ed(A x~ F) by Theorem 4.3 

in [16]. (In our setting, this can also be deduced directly, along lines of argument 

found in Sections 3 and 4 of Chapter II in [14] without having to invoke the 

technology developed in [16].) Now recall how the norm is defined on C* (A x o F) 

when this algebra is viewed in terms of Fell bundles. We build the Hilbert C*- 

module bundle V over F (~ When the bundle is A xa F, the fiber over u E F (~ is 

none other than L2(~u) | A(u), viewed as the direct sum of copies of A(u) with 

the direct sum inner product. Then, as we noted earlier, in Lemma 2, Co(V) is a 

Hilbert C*-module over Co(A). The algebra Cr • F), then, is represented by 

bounded adjointable operators in/ : (Co(V))  and the norm on C~(A x~ I') is that  

which is inherited from s Given the form of V and the form of the action 

of Cc(A x~ F) on Co(V), it is an easy calculation to discover that  Ind(p0) is none 

other than the representation of Cc (A x ~ F) that is induced, in the sense of Rieffel 

[17], from the representation P0 of Co(A) via the nilbert  C*-module Co(V). It 

follows immediately from the equation Ilfllred = II Ind(p0)(f)]], f e Cc(A xo F), 

that  I1" Ilred is the norm on Cc(A xo F) defined in the context of Fell bundles. We 

summarize our discussion of these points in the following lemma. 

LEMMA 10: Under our assumption that F is amenable, the C*-algebra 

C* (A x a F) coincides with the reduced C*-algebra, Cre d (A x o P) and the norm 
coincides with the norm it receives when represented on Co(V). 

PROPOSITION 11: For each f E Cc(A x~ F), the intlnity norm o f f  on F, []fI[oo 

is dominated by the C*-norm I[fl]. Thus, elements in C*(A x~ F) may be viewed 
as Co-sections of the bundle A x ~ F. 

Proof: Choose a point (xo,Yo) e F where IIfl[~ -'- IIf(xo,Yo)ll and choose 

a representation 7r of the C*-algebra A(yo) on a Hilbert space H,~ such that  

Ill(x0, Y0)ll = 1[Tr(f(xo,Yo))tl. View ~r as a representation of Co(A). Then using 

equation (6), it is easy to see that II Ind(~r)(f)ll = ]lTr(f(xo,yo))ll = IIf(xo, Ya)ll. 
Since II Ind(Tr)(f)ll is dominated by the C*-norm of f ,  the proof is complete. 

I 
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Note that we are not assuming that X = F (~ is compact nor that the fiber 

algebras A(x) are unital. Therefore, we are unable to conclude that C*(F) is 

contained in C*(A xz  F). However, the argument given in Lemma 4.6 of [15] 

shows that  C* (F) is contained in the multiplier algebra of C* (A x~ F). Moreover, 

for f E C*(F), and g E C*(A x~ F), 

f * g(x, y) -- ~ f(x, z)g(z, y). 
Z 

Thus we may (and will) form such products freely without special announcement. 

We are now ready to attack the inclusion (2). From Proposition l l every 

element of C*(A xo F) is a C0-section of A xo F. The sections that are in B 

determine the bundle F(B). It is evident that B C_ Co(F(B))MC*(A xo F), and 

Proposition 11 implies that Co(F(B)) M C*(A xa F) is closed. What  is not clear 

is that B contains any c o m p a c t l y  s u p p o r t e d  sections at all. To establish this, 

recall that an (open) F-set is an open subset U of F such that r and s are one-to- 

one on U. Thus a F-set U is just the graph of a partially defined transformation 

T whose domain is r(U) and whose range is s(U); and every such ~- whose graph 

is contained in F is a F-set. We shall denote F-sets by T and we write f~(F) for the 

collection of all open F-sets ~- with the property that the closure of 7- is compact 

(and still a F-set that need not be open). It is shown in [8] that f2(F) covers 

F. Let Nc denote the set of (complex valued) functions f on F such that  the 

(closed) support of f is compact and contained in some v E f~(F). The notation 

is to indicate c o m p a c t  no rma l i ze r .  The reason for this is that if f E No, and 

if d E Co(A), then f �9 d * f* atso lies in Co(A), i.e., f normalizes Co(A) (in a 

weak sense.) As in [11] (see the proof of Proposition 4.4), given 9 E N~, we define 

q2g: C*(A x~ F) ~ C*(A x~ F) by the formula 

(9) '~g(f)(x, y) = P ( f  �9 g*) �9 g(x, y) = f(x, y)lg(x, y)l 2, 

where P denotes the conditional expectation from C*(A xo F) onto Co(A) given 

by the formula 

P ( f ) ( 7 )  = { f ( 7 ) , 7  E F (~ 
0, otherwise. 

(The fact that  P is a bonefide conditional expectation is easy to see using Propo- 

sition 11. Of course, the C0(A)-valued inner product on Co(V) is really given 

by the formula (if ,  ~9)(u) = P ( f *  * g)(u) where ~f and ~g are the sections of V 

determined by functions f and g in C~(A xo F).) If g is supported on a r E f~(F), 

then so is ~g( f ) ,  for all f E C*(A Xo F). The argument given on pages 324-5 

in [11] shows that  given g E Arc and f E C*(A xo P), one can find functions 
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dl, d2,..., d, E Co(X), depending on f and g, so that ~ d*di _< 1 and so that  

k~g(f) = ~ d~ �9 f * (g* * dt * g)- Writing ~ag for the map defined by the sum, 

it is shown that Cag is bounded by ilgll 2. The point of introducing Cag is that 

it maps B into B because B is a bimodule over Co(A) and therefore a bimodule 

over Co(X), since Co(X) is contained in the multiplier algebra of Co(A). Thus 

since for any prescribed f we can find an n-tuple d such that ~g( f )  = ~@(f), 
we see that there are plenty of compactly supported sections of F(B) in B. We 

must show that  every compactly supported section of F(B) is contained in B. 

To this end note that the argument on page 325 of [tl] shows that every Cg, 

g E Nc, maps B into B. Also note that every compactly supported section f 

of F(B) is some finite f = ~z_~gi, with gi E Cc(F(B)) and supported on a set 

in ft(F). Indeed, since f~(F) covers F, and the support of f is compact, we can 

find a finite cover 1/1, V2,..., Vn of supp(f)  coming from Q(F). Choose functions 

hi, h2,. .  �9 h ,  E C~(F) that form a partition of unity subordinate to 1/1, V2, . . . ,  Vn 

and set gi = f " h i  (pointwise product). Then the gi have the desired proper- 

ties. So, we need only show that each compactly supported section of F(B) with 

closed support contained in some ~- E ft(P) necessarily lies in B. Fix T and an 

fo E C~(F(B)) with supp(f0) C_ ~-. Then since B constitutes a total family of 

sections of F(B) in the sense of [3, 10.2.1] and since the closure of ~- is a com- 

pact F-set, we can find a sequence {f,~} C_ B that converges uniformly to f0 on 

~- by [3, 10.2.5] or [6, II.14.1]. Once more, choose an open cover V1, V2,. . . ,  V~ 

of supp(f0), with V~ C "r, choose functions hi, h 2 , . . . , h ~  E Cc(F) that form a 

partition of unity subordinate to V1, 1/2,... ,  Vn, and for f E C*(A xo F), set 

~ ( f )  = ~ gJh~(f). Then since the hi are all supported in % equation (9) shows 

that each ~(f,~) is supported on ~- and that this sequence converges uniformly on 

to qJ(f0) = f0. Since, as we have shown, �9 maps B into B, we have produced 

a sequence of sections in B, all supported on % that converges uniformly to f0- 

However, such a sequence clearly converges to f0 in t h e / - n o r m  (5) and therefore 

in the C*-norm. Thus, f0 E B. 

To complete the proof of Theorem 9, we need only show that Cc(F(B)) is 

dense in Co(F(B)) N C*(A x~ F). Suppose not. Then by Lemma 3.9 in [13], we 

can find a representation 7r of C*(A x~ F) on a Hilbert space H and vectors ~ and 

r~ in H such that the vector functional r f -~ (Tr(f)~,~?) annihilates C~(F(B)) 
but does not annihilate Co(F(B)) N C*(A • F). Writing ~r in its disintegrated 

form, (4), we may express r as follows: 
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where u0 = A -1/2" du. Let {f~} be a sequence in Co(F) defining an approximate 

invariant mean on L~(u), i.e., satisfying the conditions of Definition 3.1 in [14], 

and set 

,lO, 

Then the functionals r converge pointwise to r Since r annihilates Cc(F(B)), 
f(U(x,y)zcy(f(x,y))~(y),ri(x))duo(x,y) = 0 for every f e C~(F(B)). Since 

Cc(F(B)) is a bimodule over C~(F) under po in twise  multiplication, we 

conclude that  for every g E Co(F), 

/ g(x, ~)<U(x, y)~ y))~(y), (f(x, rl(x) }duo (x, Y) 

f (U(x, rl(x))duo(x, y) = O. y)Try(g(x, y)f(x, Y))~(Y), 

This formula persists for all g E L~(uo), since the function 

(x, y) ~ (U(x, y )~( f (x ,  y))~(y), ~(x)> 

is in Ll(u0), and every function in L~(uo) is the bounded, pointwise limit of 

from Cc(F). Since the function (x,y) ~ (~z fi(x,z)fi(y,z)) is in 
% 

a sequence 

L~(uo), it follows that  each functional r annihilates Cc(F(B)). On the other 

hand, since r does not annihilate Co(F(B)) n C*(A x~ F), there is a section f0 

in this space and an i0 such that r # 0. 

Let p denote 7r[C0(A) where, recall, Co(A) is viewed as the diagonal subalgebra 

of C*(A x~ F), i.e., Co(A) is the subalgebra of C*(A xo F) consisting of all 

sections supported on r(~ Form Ind(p) using the formulation given in equation 

(8), i.e., identify Ind(p) with the representation A in that equation. Then, a 

straightforward calculation shows that if we set 

~'(x; (x, y)) = A(x, y)l/~ fio(x , y)U(y, x)~(x) 

and 

v'(x; (x, y)) = A(~, y)l /~o(X , y)u(y, ~),7(~), 

then r is given by the formula 

r ( f )  = Ind(p)(f) ,  

f ~ C*(Ax~F). Thus, we conclude that the a-weak closures of Ind(p)(Cc(F(B))) 
and Ind(p)(Co(B) fl C*(A xo F)) are distinct. However, this runs contrary to 

Theorem 15.18 of [7], as we now show. 
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Let M(x) be the a-weak closure of p~(A(x)) = zc~(A(x)) acting on the Hilbert 

space H(x). The collection {M(x)}xex is a measurable field of von Neumann 

algebras whose direct integral M = fex M(x)d#(x) acts on H and is the a-weak 

closure of p(A). ~-hrther, since ({Try}, U) is a covariant pair, each automorphism 

a(~,y) extends to be a a-weakly continuous isomorphism from M(y) to M(x) and 

the family {a(~,y)} satisfies the measurability hypotheses in [7, p. 4]. Prom the 

form of Ind(p) spelled out in equation (8), it is clear that  the a-weak closure 

of Ind(p)(C*(A • F)) is the yon Neumann algebra crossed product M M F 

of [7, Definition 2.1], also denoted by /~. (The cocycle c used there is taken 

to be identically 1 here and will be omitted from the discussion.) Since F is 

measurewise amenable with respect to every quasi-invariant measure on X, F is 

hyperfinite when viewed as a measured equivalence relation [11, Theorem 3.3]. 

Thus, we are in a position to use Theorem 15.18 of [7]. 
Let ~1 be the a-weak closure of Ind(p)(Cc(F(B))) and let ~B2 be the a-weak 

closure of Ind(p)(Co(B) n C*(A • F)). Then from what we showed above, 

~1 c ~2.  Each of ~B1 and ~B2 is a bimodule over M viewed as a subalgebra of 

M M F. (In [7], when M is viewed this way, it is written I(M).) By Theorem 

15.18 of [7], there is, for i = 1,2, a projection valued function P~ on F such 

that  P~(x,y) ties in the center of M(y), %r v-almost all (x,y), and such that 

~3i = Pi o (M ~ r ) ,  where, for T E M ~ F, Pi o T denotes the Schur product of 

Pi and T, i.e., pointwise product. Since ~1 ~ ~32, Pl(x, y) < P2(x, y), a.e. v, and 

because the inclusion is strict, P1 (x, y) < P2(x, y) for (x, y) in a set of positive v- 

measure. However, for v-almost all (x, y), both Pl(x, y).M(y) and P2(x, y).M(y) 
coincide with the a-weak closure of F(x, y) in M(y) because for each (x, y) E F, 

{I(x,y)l f  e Cc(F(B))} = F(B)(z,y)= {f(x,y)l f  c Co(F(B))nC*(Ax~r)} (no 
closures are necessary). Indeed, by the theorem of Douady and Dal Soglio-H6rault 

[5, Appendix], given any ~ E F(B)(x, y), there is a continuous section f of F(B) 
such that  f(x,y) = ~. By Proposition 10.1.9 of [3] we may assume that  f has 

compact support, i.e., that  f E Cc(F(B)). Thus P1 (x, y). M(y) = P2(x, y). M(y) 
a .e .v .  This contradiction completes the proof of Theorem 9, and with it, the 

first assertion of Theorem 1 is proved. 
The proof of the second assertion of Theorem 1, however, is easy: If F E A, 

then it is clear from the definition of the product in C*(E) that B(F) is a 

subalgebra of C*(E). For the converse implication, suppose F is such that B(F) 
is a subalgebra and choose a point (~, ~) E F (~) := (F  x F)  n E (2). As we noted 

in the preceding paragraph, we may find sections f, g E C~(F)(C_ B(F)) such 

that  f(p(~)) = ~ and g(p(~)) = ~?. Furthermore, from the analysis that went into 

proving the inclusion (2), we may assume that f and g are supported on F-sets. 
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It follows that  ~1 = fg(p(~)p(rl)). Since fg  C B(F)  by hypothesis, we conclude 

that  ~1 C F.  Thus F E A. This completes the proof of Theorem 1. 
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